Chapter 5

CONTINUITY AND
DIFFERENTIABILITY

« The whole of science is nothing more than a refinement
of everyday thinking.” — ALBERT EINSTEIN <

5.1 Introduction

This chapter is essentially a continuation of our study of A e
differentiation of functionsin Class XI. We had learnt to
differentiate certain functionslike polynomial functionsand
trigonometric functions. In this chapter, we introduce the
very important concepts of continuity, differentiability and
relations between them. We will also learn differentiation
of inversetrigonometric functions. Further, weintroduce a
new class of functions called exponential and logarithmic
functions. These functions lead to powerful techniques of
differentiation. Weillustrate certain geometrically obvious
conditionsthrough differential calculus. Inthe process, we
will learn some fundamental theoremsin this area.

Sir Issac Newton

5.2 Continuity (1642-1727)
We start the section with two informal examplesto get afeel of continuity. Consider
thefunction

1if x<0

fO)=1_ . Y
2,if x>0
Thisfunctionisof course defined at every y=fx)

point of thereal line. Graph of thisfunctionis 02)>0—n
giveninthe Fig 5.1. One can deduce from the
graph that the value of the function at nearby —0(0,1)
points on x-axis remain close to each other X
except at X = 0. At the points near and to the X 0 g
leftof 0,i.e., a pointslike—0.1,—0.01,—0.001, Y’

thevalue of thefunctionis 1. At the points near
andtotheright of 0, i.e., at pointslike0.1, 0.01, Fig5.1
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0.001, the value of thefunctionis 2. Using the language of |eft and right hand limits, we
may say that the left (respectively right) hand limit of f at 0 is 1 (respectively 2). In
particular the left and right hand limits do not coincide. We a so observe that the value
of thefunction at x = 0 concides with theleft hand limit. Note that when wetry to draw
the graph, we cannot draw it in onestroke, i.e., without lifting pen from the plane of the
paper, we can not draw the graph of thisfunction. In fact, we need to lift the pen when
we cometo O from left. Thisis oneinstance of function being not continuous at x = 0.
Now, consider the function defined as

Lifx O

f
™ Sk o

Thisfunction is also defined at every point. Left and the right hand limitsat x =0
are both equal to 1. But the value of the
function at x = 0 equals 2 which does not
coincide with the common value of the left
and right hand limits. Again, we note that we
cannot draw the graph of the function without
lifting the pen. Thisisyet another instance of < >
afunction being not continuous at x = 0. I

Naively, we may say that a function is P lo
continuous at afixed point if we can draw the Y’
Fig5.2

graph of thefunction around that point without
lifting the pen from the plane of the paper.

Mathematically, it may be phrased precisely asfollows:

Definition 1 Suppose f isareal function on a subset of the real numbersand let ¢ be
apoint in thedomain of f. Then f iscontinuous at c if

imf() (o)

Moreelaborately, if theleft hand limit, right hand limit and the value of thefunction
at x = c exist and equal to each other, then f is said to be continuous at x = ¢. Recall that
if the right hand and left hand limits at x = ¢ coincide, then we say that the common
valueisthelimit of thefunction at x = c. Hencewe may al so rephrase the definition of
continuity as follows: a function is continuous at x = c if the function is defined at
x = ¢ and if the value of the function at x = ¢ equals the limit of the function at
x = c¢. If fisnot continuous at ¢, we say f is discontinuous at ¢ and c is called a point
of discontinuity of f.
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Example 1 Check the continuity of the function f given by f(x) =2x+ 3at x=1.

Solution First note that the function is defined at the given point x = 1 and itsvalueis5.
Then find the limit of the function at x = 1. Clearly

imfe) lim2x 3 2@ 3 5

Thus lerq f(x) 5 Q1)
Hence, f is continuous at x = 1.

Example 2 Examine whether the function f given by f (x) = x2 is continuous at x = 0.

Solution First note that the function is defined at the given point x = 0 and itsvalueisO.
Then find the limit of the function at x = 0. Clearly

limf(x) limx* 0* 0
x 0 x 0
Thus Ixirrgf(x) 0 f(O
Hence, f is continuous at x = 0.

Example 3 Discuss the continuity of the function f given by f(x) = | x| at x = 0.
Solution By definition

X, if x=0
Clearly the function is defined at 0 and f(0) = 0. Left hand limit of fat Ois

{—x, if x<0
f(x) =

Xllrgl f(x) XIlrgl(—x) 0
Similarly, theright hand limit of fat Ois

limf(x) limx O

x 0 x 0

Thus, the left hand limit, right hand limit and the value of the function coincide at
x = 0. Hence, f is continuous at x = 0.

Example 4 Show that the function f given by

X2 +3, if x=0
0 =14, if x=0

is not continuous at x = 0.
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Solution The function is defined at x = 0 and itsvalue at x = 0is 1. When x # 0, the
functionisgiven by apolynomial. Hence,

limf(x) = lim(3+3)=0°+3=3

x—0 x—0

Sincethelimit of f at x =0 doesnot coincidewith f(0), thefunction isnot continuous

at x = 0. It may be noted that x = 0 isthe only point of discontinuity for this function.
Example 5 Check the points where the constant function f(x) = k is continuous.
Solution Thefunction isdefined at all real numbers and by definition, itsvalue at any
real number equals k. Let ¢ be any real number. Then

limf(x) = limk=k

X—>C X—>C

Sincef(c) =k = lim f(x) for any real number c, the function f is continuous at

X—>C

every real number.

Example 6 Prove that the identity function on real numbers given by f(x) = x is
continuous at every real number.

Solution The function is clearly defined at every point and f(c) = c for every read
number c. Also,

limf(x) = limx=c
X—C X—C
Thus, lerrg f(x) = ¢ = f(c) and hence the function is continuous at every real number.
Having defined continuity of afunction at a given point, now we make a hatural

extension of thisdefinition to discuss continuity of afunction.

Definition 2 A real function f is said to be continuousif it is continuous at every point
in the domain of f.

This definition requires a bit of elaboration. Suppose f is afunction defined on a
closed interval [a, b], then for f to be continuous, it needs to be continuous at every
pointin[a, b] including the end points a and b. Continuity of f at a means

lim f(x)=f(a)
and continuity of f at b means
Iirp_ f(X) = f(b)

Observe that lim f(x) and Iinb] f (x) do not make sense. As a consequence

X—a

of this definition, if f is defined only at one point, it is continuous there, i.e., if the
domain of f is a singleton, f is a continuous function.



CONTINUITY AND DIFFERENTIABILITY 151

Example 7 Is the function defined by f(x) = | x |, a continuous function?

Solution We may rewrite f as

-X,if x<0
FO9 = X, if x=0

By Example 3, we know that f is continuous at x = 0.
Let c be areal number such that ¢ < 0. Then f(c) = —c. Also

limf(x) = lim(-x)=-c (Why?)
Since lim f (x) = f(c), f iscontinuous at all negative real numbers.
X—>C

Now, let ¢ be areal number such that ¢ > 0. Then f(c) = c. Also
limf(x) = limx=c (Why?)

Since lim f(x)= f(c), f is continuous at all positive real numbers. Hence, f
X—C

iscontinuousat all points.
Example 8 Discuss the continuity of the function f given by f(x) = x® + x2 — 1.

Solution Clearly fisdefined at every real number canditsvalueat cisc®+c>—1. We
also know that

limf(x) = im(OC+x*-1)=c®+c?-1
X—C X—>C
Thus lim f (x) = f (c), and hencef iscontinuous at every real number. Thismeans
X—C
fisacontinuous function.
. o . . 1
Example 9 Discuss the continuity of the function f defined by f (x) = oL x# 0.
Solution Fix any non zero real number c, we have

Iimf(x)=|im£:l

X—C X—=>C X C

1
Also, sinceforc=0, f(c) =E,Wehave lim f (x) = f (c) and hence, fiscontinuous
X—>C

at every point in the domain of f. Thusf is a continuous function.
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We take this opportunity to explain the concept of infinity. Thiswe do by analysing

1
thefunctionf (x) = X near X = 0. To carry out thisanalysiswefollow the usual trick of

finding the value of thefunction at real numberscloseto 0. Essentially wearetryingto
find the right hand limit of f at 0. We tabulate thisin the following (Table 5.1).

Table5.1

x | 1] 03 02| 01=10"| 001=102| 0.001=103 10"
f(x)| 1[3333...| 5 10 100 = 10? 1000=10°| 10"

We observe that as x gets closer to 0 from the right, the value of f(x) shoots up
higher. Thismay be rephrased as: the value of f (xX) may be made larger than any given
number by choosing a positive real number very closeto 0. In symbols, we write

lim f(X)=+o

x—0"
(to be read as: the right hand limit of f (X) at 0 is plusinfinity). We wish to emphasise
that + < isNOT areal number and hencetheright hand limit of f at O doesnot exist (as
area number).
Similarly, the left hand limit of f at 0 may be found. The following table is self
explanatory.

Table5.2
X -1 -03 | -02| -10% — 102 -10° [ - 10"
fx) | -1 -3333.] -5 | -10 — 102 —10° | —-10°
From the Table 5.2, we deduce that the Y

value of f(x) may be made smaller than any
given number by choosing a negative real
number very close to 0. In symbols,
we write

lim f(xX)=—

x—=>0" X’
(toberead as. theleft hand limit of f(X) at Ois
minusinfinity). Again, wewish to emphasise
that — - iSNOT area number and hence the
left hand limit of f at O doesnot exist (asareal
number). The graph of thereciprocal function
givenin Fig 5.3 isageometric representation
of the above mentioned facts.
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Example 10 Discuss the continuity of the function f defined by

¢ _x+ 2,if x<1

0 = x—2,if x>1

Solution Thefunction f isdefined at all points of thereal line.

Case1If c<1,thenf(c) =c+ 2. Therefore, imf(x) lim(x 2) c 2
X C X C

Thus, fiscontinuousat all real numberslessthan 1.

Case 2 If ¢ > 1, then f(c) = ¢ — 2. Therefore, ¥

, _ 1,3

[Imf(x)=lim(x-2)=c-2=f(c)

X—>C X—>C

Thus, fiscontinuous at all pointsx > 1.

Case 3 If ¢ = 1, then the left hand limit of f at

x=1is X

limf(xX)=Ilim(x+2)=1+2=3
x—1" x—1"

Theright hand limitof fat x=11is +

Iirrln‘(x) IiT(x 212 1 v
Sincetheleft and right hand limitsof fat x =1 Fig 5.4

do not coincide, f isnot continuousat x=1. Hence
x=1istheonly point of discontinuity of f. The graph of thefunctionisgiveninFig5.4.

Example 11 Find al the points of discontinuity of the function f defined by
X+ 2,if x<1

f(x) = 0, if x=1

x—2,if x>1

> <

1,3)

Solution Asinthe previous example wefind that f
is continuous at all real numbers x = 1. The left
handlimitof fatx=1is

Iir[]f(x)zlinl](x+2)=1+2=3
Theright hand limitof fat x=11is
Iirr11f(x) IiT(x 2) 1 2 1

Since, theleft and right hand limitsof fat x=1
do not coincide, fisnot continuousat x = 1. Hence y
x = 1 isthe only point of discontinuity of f. The ,
graph of thefunction isgivenin the Fig 5.5. Fig 5.5
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Example 12 Discuss the continuity of the function defined by

X+2,if x<0
) = —x+2,if x>0

Solution Observe that the function is defined at all real numbers except at 0. Domain
of definition of thisfunctionis

D, uD,where D, ={xe R:x<0} and
D,={xe R:x>0}

Case 1 If ce D, then limf(x)=lim (x + 2)
X—>C X—>C

=c+2=f(c) and hencefiscontinuousinD,.

Case 2 If ce D, then limf(x)=lim (=x + 2)
X—>C X—>C

=—c+2=1f(c) and hence f is continuous in D,.
Sincefiscontinuousat all pointsin the domain of f,
we deduce that f is continuous. Graph of this v’
functionisgivenin the Fig 5.6. Note that to graph Fig5.6
thisfunction we need to lift the pen from the plane

of the paper, but we need to do that only for those points where the function is not
defined.

Example 13 Discuss the continuity of the function f given by

X, if x=0
= X))
) X%, if x<0 ( )i

Solution Clearly the function is defined at

every real number. Graph of the function is

giveninFig5.7. By inspection, it seems prudent

to partition the domain of definition of f into X

three digjoint subsets of thereal line.

Let D,={xe R:x<0},D,={0} ad Y
D,={xe R:x>0} Fig5.7

(_191)

Case 1 Atany pointin D,, we have f(x) = x* and it is easy to see that it is continuous
there (see Example 2).

Case 2 At any pointin D,, we have f(x) = x and it is easy to see that it is continuous
there (see Example 6).
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Case 3 Now we analyse the function at x = 0. The value of the function at 0isf(0) = 0.
Theleft hand limit of fatOis

lim f(x)=limx*=0?=0

x—0" x—0"

Theright hand limitof fat Ois
lim f(x)= Iirgl x=0

x—0" X

Thus Iirrg f(x)=0= f(0) and hence f is continuous at 0. This means that f is
X—>

continuous at every point in its domain and hence, f isa continuous function.
Example 14 Show that every polynomial function is continuous.
Solution Recall that a function p is a polynomial function if it is defined by
p(x) =a,+a, x+ ...+ a x"for some natural number n, a # 0 and a € R. Clearly this
function is defined for every real number. For afixed real number c, we have
limp(x) = p(c)

By definition, p is continuous at c. Since c is any real number, p is continuous at

every real number and hence p is a continuous function.

Example 15 Find all the pointsof discontinuity of the greatest integer function defined
by f(X) = [X], where [X] denotes the greatest integer less than or equal to x.

Solution First observe that f is defined for all real numbers. Graph of the function is
givenin Fig 5.8. From the graph it looks like that f is discontinuous at every integral
point. Below we explore, if thisistrue.

Y

N

©,3) T —o
©0,2) T —o0

0,1+ e—o
B (O C)

3.0 G0

(_39 0)

X'< —
(-4,0) (-2,0) (-1,0)

(0)

©,-1)
—o +(0,-2)

—o  1(0,-3)

v
Yi
Fig5.8
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Case 1 Let c beareal number whichisnot equal to any integer. It is evident from the
graph that for all real numbers close to ¢ the value of the function is equal to [c]; i.e.,

limf (x)=lim[x] =[c].Alsof(c) = [c] and hence thefunctioniscontinuousat all real
X—C X—C

numbers not equal to integers.
Case 2 Let ¢ be an integer. Then we can find a sufficiently small real number
r>0suchthat [c—r] =c—1whereas[c+r] =C.
This, intermsof limits mean that
limf(x)=c—1, limf(x)=c
X—>C" X—>C
Since these limits cannot be equal to each other for any c, the function is
discontinuous at every integral point.
5.2.1 Algebra of continuous functions

In the previous class, after having understood the concept of limits, we learnt some
algebraof limits. Analogously, now wewill study some algebraof continuousfunctions.
Since continuity of afunction at apointisentirely dictated by thelimit of the function at
that point, it isreasonable to expect results analogous to the case of limits.

Theorem 1 Suppose f and g be two real functions continuous at a real number c.
Then

(1) f+giscontinuousat x =c.
(2) f—giscontinuousat x = c.
(3) f.giscontinuousat x = c.

4 (ij is continuous at x = ¢, (provided g(c) # 0).
g

Proof We are investigating continuity of (f + g) at X = c. Clearly it is defined at
X = ¢. We have

lim(f +9)(x) = lIM[f(x) +g(x)] (by definition of f + g)

= lim f(x)+limg(x)  (by thetheorem onlimits)
X—>C XC
=f(c) + g(c) (asf and g are continuous)
= (f+09) (0 (by definition of f + g)
Hence, f + g is continuous at x = c.
Proofs for the remaining parts are similar and left as an exercise to the reader.
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Remarks

(i) Asaspecial case of (3) above, if fisaconstant function, i.e., f (x) = A for some
real number A, then the function (A . g) defined by (A . g) (X) = A . g(X) isaso
continuous. In particular if A =—1, the continuity of f implies continuity of —f.

(i) Asaspecia case of (4) above, if f isthe constant function f(x) = A, then the
function % defined by %(x) =$ is also continuous wherever g(x) = 0. In
particular, the continuity of g impliescontinuity of % .

The above theorem can be exploited to generate many continuousfunctions. They

alsoaid indeciding if certain functions are continuous or not. Thefollowing examples
illustratethis:

Example 16 Prove that every rational function is continuous.
Solution Recall that every rational function f is given by

f(X) =@, aqx)=0
a(x)
where p and g are polynomial functions. The domain of f is all real numbers except
pointsat which qiszero. Since polynomial functions are continuous (Example 14), fis

continuous by (4) of Theorem 1.
Example 17 Discuss the continuity of sine function.

Solution To see this we use the following facts
limsinx=0
x—0

We have not proved it, but isintuitively clear from the graph of sin x near O.

Now, observe that f(X) = sin x is defined for every real number. Let ¢ be areal
number. Put x = ¢ + h. If X — ¢ we know that h — 0. Therefore

lim f(x) = limsinx

X—>C X—>C
— limsin(c+h)
h—0
— lim[sinccosh+ coscsinh]
h—0
— lim[sinccosh] + lim[cosc sinh]
h—0 h—0

=snc+0=sinc="f(c)
Thus lim f(x) = f(c) and hence f is a continuous function.
X—C
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Remark A similar proof may be given for the continuity of cosine function.

Example 18 Prove that the function defined by f (X) = tan x is a continuous function.

Solution Thefunction f(x) =tan x = % . Thisisdefined for all real numbers such

: T . . .
that cos x # 0, i.e.,, X # (2n +1)E . We have just proved that both sine and cosine
functions are continuous. Thus tan x being a quotient of two continuous functionsis
continuous wherever it is defined.

An interesting fact is the behaviour of continuous functions with respect to
composition of functions. Recall that if f and g are two real functions, then

(fog) (¥ =f(g()
is defined whenever the range of g isasubset of domain of f. The following theorem
(stated without proof) captures the continuity of composite functions.

Theorem 2 Suppose f and g are real valued functions such that (f o g) is defined at c.
If giscontinuous at ¢ and if f is continuous at g(c), then (f o g) is continuous at c.

Thefollowing examplesillustrate thistheorem.
Example 19 Show that the function defined by f (x) = sin (x?) isacontinuous function.

Solution Observe that the function is defined for every real number. The function
f may be thought of as a composition g o h of the two functions g and h, where
g(X) =sinx and h(x) = x2. Since both g and h are continuous functions, by Theorem 2,
it can be deduced that f is a continuous function.

Example 20 Show that the function f defined by
fO) =1 —x+[x]],
where x isany real number, is a continuous function.
Solution Defineg by g(x) =1 —x+ x| and h by h(x) = |x| for all real x. Then
(hog) (¥) =h(g(x)
=h(-x+|x]
= [1=-x+ x| =f(x)

In Example 7, we have seen that h is a continuous function. Hence g being asum
of apolynomial function and the modulus function is continuous. But then f being a
composite of two continuous functionsis continuous.
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|EXERCISE 5.1

Provethat the function f (X) = 5x —3iscontinuousat x=0, at x=—3and at X = 5.
Examine the continuity of the function f(x) = 2x—1at x=3.
Examinethefollowing functionsfor continuity.

(@ f(x)=x-5 (b) f(x)=&,x¢5

x* — 25
c) f(xX) = , X#-5 d f(xX)=|x-5
(© f0=——¢ (@ f(9=1x-5]
Prove that the function f(X) = x" is continuous at X = n, where n is a positive
integer.

Isthe function f defined by

{x, if x<1
f(x) =

5 if x>1
continuous at X = 0? At x = 1?At x = 2?

Find al points of discontinuity of f, wheref is defined by

6.

8.

10.

12.

13.

. [x]+3, if x<-3

2x+3, if x<2 .
f(x)= _ 7. f(X)=4 -2%x, if —3<x<3

2x=3, if x>2 .

6x+2, if x=3

u, if x0 i, if x<0
f(x)=1 x 9. f(x)=11x|

0, if x=0 -1, if x>0

x+1 if x>1 X33, if x<2
f(X)={ A 1. f(¥)=

x“+1Lif x<1 X241, if x>2

X2, if x>1

Isthe function defined by

F(x) = X+ 5, ?fxsl
Xx=5, if x>1

0 .
f(x):{xl -1, if x<1

acontinuous function?
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Discuss the continuity of the function f, where f is defined by

14.

16.

17.

18.

19.

20.
21.

22.
23.

24.

3 if 0<x<1 2x, if x<0
f(X)=44, if l<x<3 15. f(x)=40, if 0<x<1
5, if 3<x<10 4x, if x>1
=2, if x<-1
f(x)=<2x, if —1<x<1
2, if x>1

Find the relationship between a and b so that the function f defined by

ax+1, if x<3
f(x)= .
bx+3, if x>3
iscontinuous at x = 3.
For what value of A isthe function defined by

2 . <
F(x)= A (XS —2X), .|fx_0
4x+1, if x>0
continuous at x = 0? What about continuity at x =17

Show that the function defined by g(x) = x—[X] isdiscontinuous at all integral
points. Here [X] denotes the greatest integer less than or equal to x.

Is the function defined by f (x) = X —sin x + 5 continuous at x = ©t?
Discussthe continuity of thefollowing functions:
(@) f(X)=snx+ cosx (b) f(X) =sinx—cosx
(c) f(x) =sinx.cosx
Discuss the continuity of the cosine, cosecant, secant and cotangent functions.
Find all pointsof discontinuity of f, where
. ﬂxx if x<0
x+1, if x>0
Determineif f defined by
()= xzsin%, if x20
0, if x=0

isacontinuous function?
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25. Examinethe continuity of f, wheref is defined by
-1, if x=0

Find the values of k so that thefunction f iscontinuousat theindicated point in Exercises
26 t0 29.

f(X):{sinx—cosx, if x=0

kcosx . T
o if x > -
26, f(x)=4 "X ax=
3 if x=2
2
ke, if x<2
f X) = ’ -
27. (¥ {3’ i x5 2 atx=2
£(x) = kx+1, if Xx<=
28. ~|cosx, if x> ax=m
f(x) = kx+1, if x<5
29. “\3x-5, if x>s5  AX=S
30. Find the values of a and b such that the function defined by
5, if x<2
f(X)=qax+b, if 2<x<10
21, if x>10

isacontinuousfunction.
31. Show that the function defined by f (X) = cos (X?) is a continuous function.
32. Show that the function defined by f(X) = | cos x| is a continuous function.
33. Examinethat sin |x|isacontinuousfunction.
34. Find al the points of discontinuity of f defined by f(x) = |x|—|x+ 1|.

5.3. Differentiability

Recall the following facts from previous class. We had defined the derivative of areal
function asfollows:

Supposefisareal functionand cisapointinitsdomain. Thederivativeof fatcis
defined by
lim f(c+h)—f(c)
h—0 h
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d
provided thislimit exists. Derivative of f at ¢ is denoted by f ’(c) or &(f (X)) |.. The

function defined by
f(x+h)—f(X)
h
wherever the limit exists is defined to be the derivative of f. The derivative of f is

£/ = lim

d _ dy -
denoted by f’(x) or &(f(x)) or if y = f(x) by poicl y’. The process of finding
derivative of afunction is caled differentiation. We also use the phrase differentiate
f(X) with respect to x to mean find f’(x).

The following rules were established as a part of algebra of derivatives:
1) uUxvw=uzVv
(2) (uv) =uv+uw (Leibnitz or product rule)

3) (Ej - U'V_ZW , wherever v # 0 (Quotient rule).

v v
Thefollowing table givesalist of derivatives of certain standard functions:
Table5.3
f(x) XN sinx COS X tan x
f/(x) nx"-1 COS X —sinx | sec? x

Whenever we defined derivative, we had put a caution provided the limit exists.
Now the natural questionis; what if it doesn’t? The questionisquitepertinentand sois

f(c+h)-
h

itsanswer. If [im f© does not exist, we say that fisnot differentiable at c.

h—0
In other words, we say that afunction fisdifferentiableat apoint cinitsdomainif both

lim f(c+h)—f(c) and 1im f(c+h)—f(c)
h—0~ h h—0" h

to bedifferentiablein aninterval [a, b] if itisdifferentiable at every point of [a, b]. As
in caseof continuity, at theend pointsa and b, we take theright hand limit and left hand
limit, which are nothing but left hand derivative and right hand derivative of thefunction
at a and b respectively. Similarly, afunction is said to be differentiable in an interval
(a, b) if itisdifferentiable at every point of (a, b).

arefiniteand equal. A functionis said
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Theorem 3 1f afunctionfisdifferentiable at apoint c, thenitisalso continuous at that
point.
Proof Sincef is differentiable at ¢, we have
lim T 9=TO _ )
X—C

X—>C

But for x # ¢, we have

() —f(c) = %{I@.(x—c)
Therefore lim[£() - f(c)] = Lim{w_(x_c)}
or imit 9] -tim{ () = tim| 9T | impx—
=1(c).0=0
or lim £() =f(c)

Hencef is continuous at x = c.
Corollary 1 Every differentiable function is continuous.

We remark that the converse of the above statement is not true. Indeed we have
seen that the function defined by f(x) = | x| is acontinuous function. Consider the |eft
hand limit

lim f(0+h)—f(0) :—_h

h—0" h h

=-1

Theright hand limit

i FO+W - _h
h—0" h h

=1

f(0+h)— f(0)
h

does not exist and hence f is not differentiable at 0. Thus f is not a differentiable
function.

Since the above left and right hand limits at 0 are not equal, lim

5.3.1 Derivatives of composite functions

To study derivative of composite functions, we start with anillustrative example. Say,
we want to find the derivative of f, where

f(x) =(2x+ 1)°
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Oneway isto expand (2x + 1)2 using binomial theorem and find the derivative as
apolynomial function asillustrated below.

d _d s
S f0 = — [(2x+1)?]

= di (8x° +12x% + 6x+1)
X

=24x* + 24x + 6

=6 (2x + 1)?
Now, observe that f(x) =(hoag) (X
where g(x) =2x+ 1and h(x) = x3. Putt = g(x) = 2x + 1. Then f(X) = h(t) =t Thus
df dh dt

- - 2 — 2 — 22 -
o = B(@+1P=3@+ 1P 223022

The advantage with such observationisthat it simplifiesthe calculation infinding
the derivative of, say, (2x + 1)1, We may formalise this observation in the following
theorem called the chain rule.

Theorem 4 (Chain Rule) Let f be areal valued function which is a composite of two
functionsuandv;i.e, f=vou. Supposet = u(x) andif both %( and % exist, we have

df _dv dt
dx dt dx
We skip the proof of thistheorem. Chain rule may be extended asfollows. Suppose
fisarea valued function which is a composite of three functions u, vand w; i.e.,

f=(wou)ov.Ift=v(x) and s=u(t), then

df _d{wou) dt _dw ds dt

dx dt dx ds dt dx

provided all the derivativesin the statement exist. Reader isinvited to formulate chain
rule for composite of more functions.

Example 21 Find the derivative of the function given by f(x) = sin (x?).

Solution Observe that the given function is a composite of two functions. Indeed, if
t=u(x) = x2and v(t) = sint, then
f(X) =(vou) (X) =v(u(x)) =Vv(x¥*) =sin x?
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Put t = u(x) = x2. Observe that % =cost and % =2X exist. Hence, by chain rule

X
ar _ ﬂ ﬂ_cost 2X
dx dt dx
Itisnormal practiceto expressthefinal result only in terms of x. Thus
df

= cost - 2X = 2X COsSX?
dx

Alternatively, We can also directly proceed as follows:

y=sn0d = Y- &)
dx dx
= C0S X? i(xz) = 2X COS X?
dx

Example 22 Find the derivative of tan (2x + 3).
Solution Let f(x) =tan (2x + 3), u(x) = 2x + 3 and v(t) = tan t. Then
(vou) () =v(u(x)) =v(2x + 3) =tan (2x + 3) = f(X)

dv
Thusfisacomposite of two functions. Putt = u(x) = 2x+ 3. Then r =sec’t and

ﬂ= 2 exist. Hence, by chainrule

dx
dr Nav E—ZSGC (2x+3)
dx dt dx

Example 23 Differentiate sin (cos (X?)) with respect to x.

Solution Thefunction f (X) = sin (cos (x?)) isacomposition f (X) = (wo v ou) (X) of the
three functions u, v and w, where u(x) = x3, v(t) = cos t and w(s) = sin s. Put
ds dt

t = u(X) = X2 and s = v(t) = cos t. Observe that d—choss,—z—smtand —=2X
ds dt dx

exist for al real x. Hence by a generaisation of chain rule, we have

df dw ds dt
L =(cos9) . (—sint) . (2x) = —2xsin X . cos (cos X?)

dx ds dt dx
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Alternatively, we can proceed as follows:
y = sin (cos x?)

dy_d 2 = a9 2
Therefore i dx sin (cos x?) = cos (cos X?) X (cos x?)

cos (cos X?) (—sin x?) % €9)

= —sin x2 cos (cos X?) (2x)
= — 2X sin X2 cos (cos x?)

| EXERCISE 5.2|
Differentiate the functions with respect to x in Exercises 1 to 8.
1. sh(x*+5) 2. cos(sinx) 3. sin(ax + b)
sin (ax+h) _
4. sec (tan ({/x)) Dy cos (cx+ d) 6. cos X3 . sin? (x9)
2/cot(x?) 8. cos(+v/x)

Prove that the function f given by

fX) =|x-1|,xe R
isnot differentiable at x = 1.

10. Provethat the greatest integer function defined by

f(x) =[x],0<x<3
isnot differentiableat x=1 and x = 2.

5.3.2 Derivatives of implicit functions

Until now we have been differentiating various functions given in the formy = f (x).
But it is not necessary that functions are always expressed in this form. For example,
consider one of the following relationships between x and y:

X-y-n=0

X+snxy—-y=0
In the first case, we can solve for y and rewrite the relationship asy = x — . In
the second case, it does not seem that thereisan easy way to solvefor y. Nevertheless,
there is no doubt about the dependence of y on x in either of the cases. When a
relationship between x and y is expressed in away that it is easy to solve for y and
writey = f(x), we say that y is given as an explicit function of x. In the latter case it
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isimplicit that y is afunction of x and we say that the relationship of the second type,
above, gives function implicitly. In this subsection, we learn to differentiate implicit
functions.

Example 24 Find & if x—y=m.

dx
Solution One way is to solve for y and rewrite the above as
Yy=X—-T
dy
But then — =1
dx

Alternatively, directly differentiating the relationship w.r.t., x, we have

d drn
—(x - - —
dx (x=) dx

dn
Recall that I means to differentiate the constant function taking value nt

everywhere w.r.t., x. Thus

d d

L =)
whichimpliesthat
dy dx_l

dx  dx
Example 25 Find % if y+siny=cosx.

Solution We differentiate the relationship directly with respect to x, i.e.,

dy d, . d

—+—(siny) = —(cosx

dx+ dx( ) dx( )
whichimpliesusing chainrule

dy dy

—+C0SYy:-— =—sinXx
dx dx

dy  s€inx

dx ~ 1+cosy

Thisgives

where yz@n+1)n
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5.3.3 Derivatives of inverse trigonometric functions
We remark that inverse trigonometric functions are continuous functions, but we will
not prove this. Now we use chain rule to find derivatives of these functions.

Example 26 Find the derivative of f given by f(x) = sin’t x assuming it exists.
Solution Lety =sin? x. Then, x=siny.
Differentiating both sides w.r.t. x, we get

1=cosy%

hichimpliesthat d 1 1
whichimpli —= = =
P dx cosy cos(sin'x)

Observethat thisis defined only for cosy#0, i.e., sSint x# —g, g e, x#-1,1,

ie,xe (-1,1).
To makethisresult abit more attractive, we carry out the following manipulation.
Recall that for x e (—1, 1), sin (sin™ x) = x and hence

coy=1—(siny)2=1—(sin (SNtx))2=1—-x2

Also, sincey e [—ggj cosy is positive and hence cosy = /1 — x2

Thus, for x e (-1, 1),
dy 1 1

dx  cosy 12

Example 27 Find the derivative of f given by f(X) = tan™ x assuming it exists.

Solution Let y = tan™ x. Then, x =tany.
Differentiating both sides w.r.t. x, we get

dy
1=sec2y&

whichimpliesthat

dy 11 1 1
dx sec’y 1+tan’y 1+ (tan(tan'x))?> 1+ x°




CONTINUITY AND DIFFERENTIABILITY 169

Finding of the derivatives of other inversetrigonometric functionsisleft asexercise.
Thefollowing table givesthe derivatives of theremaininginversetrigonometric functions
(Table5.4):

Table5.4
f(x) cosx cotx secx cosecx
il -1 1 -1
e N 1+ % bl %2 -1
Domainof f* [ (-1, 1) R (—o0, 1) U (1, 0) | (=0, 1) U (1, o)
| EXERCISE 5.3|

Find —= inthefollowing:
dx

1. 2x+ 3y=snx 2. 2Xx+ 3y=siny 3. ax+ by?=cosy
4. xy+y=tanx+y 5 X+ xy+y*=100 6. xX*+ Xy +xy*+y*=81

2X
7. sinrfy+cosxy=x 8. snm’x+cofy=1 9. y=snt (1+x2j

3 1 1
10. y = tan? , — = <X<—=
y=tan [1—3sz J3 V3

y 2
11. y:cosl(1 X j,0<x<1

2
12, y=sin1(1 ij,0<x<1

13. y=cosl( & ),—1<x<1

14. y:Sin’l(Zxxll— xz), -

15 y—secl( ! j0<x<i
' 2
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5.4 Exponential and L ogarithmic Functions

Till now we have learnt some aspects of different classes of functionslike polynomial
functions, rational functions and trigonometric functions. In this section, we shall

learn about a new class of (related) Y

A

functionscalled exponentia functionsand
logarithmic functions. It needs to be
emphasized that many statements made
inthissection aremotivational and precise
proofs of these are well beyond the scope
of thistext.

The Fig 5.9 gives a sketch of
Y= =Xy =0 =2,y =10 =
andy =f(x) = x*. Observethat the curves
get steeper as the power of X increases. x’« 4 »X
Steeper the curve, faster is the rate of v
growth. What thismeansisthat for afixed Y
increment in the value of x(> 1), the Fig 5.9
increment in the value of y = f (X) increases as nincreases for n =1, 2, 3, 4. It is
conceivable that such a statement istrue for all positive values of n, wheref (x) = X".
Essentially, this means that the graph of y = f (X) leans more towards the y-axis as n
increases. For example, consider f, (x) = x' and f (x) = x*. If x increases from 1 to
2, f,, increases from 1 to 2'° whereas f  increases from 1 to 2™°. Thus, for the same

grow faster than f .

increment in x, f,

Upshot of the abovediscussionisthat the growth of polynomial functionsisdependent
on the degree of the polynomial function — higher the degree, greater is the growth.
Thenext natural questionis: Isthere afunction which growsfaster than any polynomial
function. The answer isin affirmative and an example of such afunctionis

y =f(x) = 10~
Our claimisthat thisfunction f grows faster than f () = x" for any positive integer n.
For example, we can prove that 10 grows faster than f,  (X) = x'®. For large values
of x like x = 10°, note that f, | (x) = (10%'® = 10°° whereas f(10°) = 1010 = 10,

Clearly f(x) is much greater than f, (x). It is not difficult to prove that for all
x>10% f(x) >, (). But wewill not attempt to give aproof of thishere. Similarly, by
choosing large values of x, one can verify that f(x) grows faster than f_(x) for any
positiveinteger n.
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Definition 3 The exponential function with positive base b > 1 isthe function
y="f(x) =b"
The graph of y = 10¢isgiveninthe Fig 5.9.
It isadvised that the reader plotsthis graph for particular values of b like 2, 3 and 4.
Following are some of the salient features of the exponential functions:

(1) Domain of the exponential functionisR, the set of all real numbers.

(2) Range of the exponential function isthe set of all positive real numbers.

(3) The point (0, 1) is always on the graph of the exponential function (thisis a
restatement of the fact that b° = 1 for any real b > 1).

(4) Exponential function is ever increasing; i.e., as we move from left to right, the
graph rises above.

(5) For very large negative values of x, the exponentia functionisvery closetoO. In
other words, in the second quadrant, the graph approaches x-axis (but never
meets it).

Exponential function with base 10 is called the common exponential function. In
the Appendix A.1.4 of Class XI, it was observed that the sum of the series

1+ 1 + 1 +...
2
isanumber between 2 and 3 and is denoted by e. Using this e asthe base we obtain an
extremely important exponential functiony = e~.

This is called natural exponential function.

It would beinteresting to know if theinverse of the exponential function existsand
has niceinterpretation. This search motivates the following definition.

Definition 4 Let b > 1 be areal number. Then we say logarithm of ato base bisx if
bx=a.

Logarithm of a to base b is denoted by log, a. Thuslog, a = xif b*=a. Let us
work with afew explicit examplesto get afed for this. We know 22 = 8. In terms of
logarithms, we may rewrite this aslog, 8 = 3. Similarly, 10* = 10000 is equivalent to
saying log,, 10000 = 4. Also, 625 = 5* = 25 is equivalent to saying log, 625 = 4 or
log,, 625=2.

On adlightly more mature note, fixing a baseb > 1, we may look at logarithm as
a function from positive real numbers to all real numbers. This function, called the
logarithmic function, is defined by

log,: R*— R
X — log, x=y if b¥=x
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Asbeforeif thebaseb = 10, we say it
is common logarithms and if b = e, then
we say it is natural logarithms. Often
natural logarithm is denoted by In. In this
chapter, log x denotes the logarithm
functionto base g, i.e,, In x will be written
assmply logx. TheFig 5.10 givestheplots
of logarithm function to base 2, e and 10.

Some of the important observations

about the logarithm function to any base
b > 1 arelisted below:

y = log,x
y =log,x

y =log,,x

(1,0)

=]

v

YI

Fig5.10

(1) We cannot make a meaningful definition of logarithm of non-positive numbers

and hence the domain of log functionis R*.

(2) Therange of log function isthe set of al real numbers.
(3) Thepoint (1, 0) isawayson the graph of thelog function.

(4) Thelogfunctionisever increasing,
i.e., as we move from left to right
the graph rises above.

(5) For x very near to zero, the value
of log x can be made lesser than
any given real number. In other
words in the fourth quadrant the
graph approachesy-axis (but never
meets it).

(6) Fig5.11 givestheplot of y = e*and
y =Inx. Itisof interest to observe
that the two curves are the mirror

Fig5.11

images of each other reflected in theliney = x.

Two propertiesof ‘log’ functions are proved below:

(1) Thereisastandard change of base rule to obtain log, p in terms of log, p. Let
log, p=o0,log, p=Bandlog a=y. Thismeansa* = p, b’ =pand b" = a.
Substituting the third equation in the first one, we have

(b)* =b@ =p
Using thisin the second equation, we get
hd = p= e
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whichimplies B=oayora= E But then
Y
log. p = log, p
2 log,a

(2) Another interesting property of the log function is its effect on products. Let

log, pg = o.. Then b* = pq. If log, p=p and log, q = v, then b’ = pand b" = q.
But then b* = pq = bPbr = b#+¥
whichimplieso. = +v,i.e,

log, pq = log, p + log, q
A particularly interesting and important consequence of thisiswhenp=g. In
this case the above may be rewritten as

log, p* = log, p + log, p=2log p
An easy generalisation of this (left as an exercise!) is

log, p” =nlog p

for any positive integer n. In fact thisis true for any real number n, but we will
not attempt to provethis. On the similar linesthe reader isinvited to verify

X
l09b§ =log, x — log, y

Example 28 Isit true that x = €°9* for al rea x?

Solution First, observethat the domain of log functionisset of al positivereal numbers.
So the above equation is not true for non-positive real numbers. Now, let y = €%~ If
y >0, wemay takelogarithmwhich givesuslogy=log (€°*) =log x . log e=log x. Thus
y = X. Hence x = €%9* is true only for positive values of x.

One of the striking properties of the natural exponential function in differential
calculusisthat it doesn’t change during the process of differentiation. Thisis captured
in the following theorem whose proof we skip.

Theorem 5*

d
(1) Thederivative of e w.r.t., xises i.e, &(ex) =€

d 1
(2) Thederivative of log x w.rt., xis 1; i.e, —(logx)=—.
X dx X

* Please see supplementary material on Page 286.
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Example 29 Differentiate the following w.r.t. X

(i) e* (i) sin(logx),x>0 (iii) cos™ (& (iv) e«
Solution
(i) Lety=e™ Using chainrule, we have
dy _ .« d
—_— = e e— (— = X
ox o C¥=-F
(i) Lety=sin(logx). Using chain rule, we have
dy cos (logx)

d
— = cos(logx)-— (log x) =
v (logx) dX( gX)
(iii) Lety=cos! (). Using chain rule, we have

dy -1 d (€)= €
dx 1— (eX)2 dx /1_ e2x
(iv) Lety=e*s* Using chainrule, we have

dy
dx

= ™. (-sinx) = —(sin x)

| EXERCISE 5.4

Differentiate the following w.r.t. x:

X

€

> 2. M X 3. e
sinx
4. dn (tan™ &) 5. log (cos €) 6. e +e +..+e°
CoSX
v/ \/e&, x>0 8. log (logx),x>1 o] |0ng x>0

10. cos(logx +¢€9), x>0

5.5. Logarithmic Differentiation

In this section, we will learn to differentiate certain special class of functionsgivenin
theform

y =109 = [uGo]®
By taking logarithm (to base €) the above may be rewritten as

logy = v(x) log [u(x)]
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Using chain rule we may differentiate thisto get

E'QZV(X) i . U,(X) + \/(X) . |Og [U(X)]
y dx u(x)

whichimpliesthat

dy _ | V(¥
™ y[ o) W) +V(X) - |09[U(X)]}

The main point to be noted in this method is that f(x) and u(x) must aways be
positive as otherwisetheir logarithmsare not defined. Thisprocess of differentiationis
known as logarithms differentiation and isillustrated by the following examples:

_ 2
Example 30 Differentiate ‘/w W.I.t. X
3X°+4x+5
-3 (x*+4
Solution Let Y= w
(3x“ +4x+5)

Taking logarithm on both sides, we have

1
logy = ~[log (x—3) +log (* +4) - log (3¢ + 4x + 5)]
Now, differentiating both sidesw.r.t. x, we get

1 dy 1 1 2X 6x+4
y dx  2[(x- 3) X214 3x%+4x+5

dy Y 1 2 2x  6x+4
dx 2| (x=3) x®+4 3x*+4x+5

1 [(x=3)(x*+4) 1 N 2x  6x+4
2\/ 32 +4x+5 | (x-3) x2+4 3x°+4x+5

Example 31 Differentiate a* w.r.t. X, where a is a positive constant.
Solution Lety = a. Then

or

logy=xloga
Differentiating both sides w.r.t. x, we have
1lady

ydx = =loga
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or & =yloga
Th a (@) =al
us ix =a*log a
. d X d xloga xloga d
—(a") = —(e € —(xloga
Alternatively dx( ) dx( ) dx( ga)

=eg'wa |oga=a‘loga.
Example 32 Differentiate x°"*, x > 0 w.r.t. x.
Solution Let y = x8"*, Taking logarithm on both sides, we have

logy = sinxlog x

Therefore lﬂ = sinxi (Iogx)+|ogxi (sinx)
y dx - dx dx
1dy = (sinx)1 log X cosx

or ydx " ” g

sin
or % = y{TX+cosxlogx}

inx| SINX
xS {— + cosxlog x}
X

¥ sinx+ x3™ . cosx log x

Example 33 Find ;ﬂ if y+x +x=ab.
X

Solution Given that y* + X/ + x* = al.
Puttingu=y,v=xandw=x, wegetu+v+w=a°

Theref v W
SRS dx dx dx
Now, u = y*. Taking logarithm on both sides, we have
logu=xlogy

Differentiating both sides w.r.t. x, we have

. (1)



CONTINUITY AND DIFFERENTIABILITY 177

L8 %9 togy)+logy--(x
u dx  dx dx
= xl-ﬂﬂogy-l
y dx
du X dy j [x dy
— —u|——+logy |=y'| =—+logy|
= dx [yd y dx @)
Alsov=x
Taking logarithm on both sides, we have
logv=ylog x
Differentiating both sides w.r.t. x, we have
1 dv d dy
= y—(logx) +logx—
v dx ydx( 9%) +log dx
= y-1+logx-ﬂ
X dx
o= oo
o — = +log x—
dx  Lx
&
= x’ logx—
{X+ g d . (3
Again w =X
Taking logarithm on both sides, we have
logw = x log x.

Differentiating both sides w.r.t. X, we have

1 dw d d
—.— = x—(lo logx-—
w dx de( 9%) +logx dx(x)
= x-l+logx-1
X
i.e d—W =w(l+lo
i.e. X =w ( g X)

=x<(1 + log x) - (4)
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From (1), (2), (3), (4), we have

x[ X dy y[Y dy
y (§&+Iogyj+x (;HOQX& +x(1+logx)=0
X—1 ﬂ — X ~1 X
or (x.yt+x.logXx) dx——x(1+logx)—y.xy —y*logy
dy —[y*logy+y.x""+x*(1+logx)]
Therefore - = X1, oy
dx X,y +x’logx
|EXERCISE 55|
Differentiate the functions given in Exercises 1 to 11 w.r.t. X.
. o 3 (x=D)(x-2)
. COS X . COS 2X . COS 3X (x—3) (x—4) (x_5)
3. (log x)esx 4., X —2snx
1Y, L)
5 (x+ 3. (x+4)3>. (x+5* 6. x+; + X X
7. (log x)* + xo9x 8. (sinx)*+sint /x
X2 +1
. in X + 4 COS X 1 . XXCOSX+_
9. x® (sin x) 0 21
1
11, (xcos xX)* + (xsinx)X
Find ;—d)): of thefunctions given in Exercises 12 to 15.
12. ¥+y =1 13. y*=x
14. (cos x)¥ = (cos y)* 15, xy = ex¥

16. Findthe derivative of thefunction givenby f(X) = (1 +X) (1 +x?) (1 + x%) (1 +x8)
and hence find f’(2).

17. Differentiate (x> —5x + 8) (3@ + 7x + 9) in three ways mentioned below:
(i) by using product rule
(i) by expanding the product to obtain asingle polynomial.
(i) by logarithmic differentiation.
Do they dl give the same answer?
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18. If u, vand w are functions of x, then show that

d - AV
dX(u.v.w)—dx V. W u.dX.w u.vdx

intwo ways- first by repeated application of product rule, second by logarithmic
differentiation.

5.6 Derivativesof Functionsin Parametric Forms

Sometimesthe relation between two variablesis neither explicit nor implicit, but some
link of athird variable with each of thetwo variables, separately, establishesarelation
between the first two variables. In such a situation, we say that the relation between
them isexpressed viaathird variable. Thethird variableis called the parameter. More
precisely, a relation expressed between two variables x and y in the form
x=1(t), y = g(t) issaid to be parametric form with t as a parameter.

In order to find derivative of function in such form, we have by chain rule.

dy _ dy ox
dt  dx dt
dy
dy g dx
or y = @ Wheneveraato
dt
dy _ g'(t) ( dy dx j .
— = ——= |as—=¢g'(t)and—= f'(t ’
Thus -t P g'(t) pm (t) | [provided f’(t) # O]
Example 34 Find %,ifx=acose,y=asine.
X
Solution Given that
X=acosh,y=asno
Theref % = in 0 ﬂ = 0
erefore 40 =—asn ' 30 =acos
dy
acoso
Hence ﬂ—@——s——cote

dx ~ dx -—asin®
de
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Example 35 Find g if x=at? y = 2at.

Solution Given that x = at?, y = 2at

dx _ dy _
So at =2at and E—Za
dy
dy _d_2a_1
Therefore o - dX  2ar 1
dt

Example 36 Find g, if x=a (0 +sin6),y=a(l—cosh).

Solution We h & 1+ 0 ﬂ—a(sine)
ution We have de—a( cos 0), 40 -
dy

dy do_ asno tan2

- d6 _ =tan
Therefore dx ~ dx a(l+coso) 2

It may be noted here that gi is expressed in terms of parameter only

without directly involving the main variablesxand y.

E 3} 2
Example 37 Find ;ﬂ,if x3+y3=asd.
X

Solution Let x=acos®* 0, y=asin® 6. Then
2 2
(acos’0)3 + (asin®0)3
2 2
a3(cos’ 0+ (sin0) =as

x
w
+
<
@
I

2
Hence, x = a cos®0, y = a sin®6 is parametric equation of x3 + y3 =a

%- 3 0 sind dﬂ—Basinzecose
a0 - a cos? 0 sin O an a0 -

wIiN

Now
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dy

dy do 3asin®6cosd \/y

- == - _tanf=-3=

Therefore d« dX —3acos’0sind X
de

Had we proceeded in implicit way, it would have been quite tedious.

|EXERCISE 5.6|
If xandy are connected parametrically by the equations given in Exercises 1 to 10,

without eliminating the parameter, Find jy :
X

1. x=2at?y=at 2. X=acos0,y=bcos6

4
3. x=gnt,y=cos2t 4, x:4t,y=?
5. X=c0s0—-cos20,y=sin0—sn20

_ sin®t cos’t
6. x=a(@-sinB),y=a(l+cosh) 7. x= Jcos2t ’ y:\/COSZt

t
8. X=a(COSt+|Ogtan§jy=asint 9. x=asecH,y=btan 9

10. x=a(cosO +0sn0), y=a(sin6d -0 cos0)

11, If X=\/a‘°""’1‘,y:\/a°°§1t, show thatﬂz—z
dx X

5.7 Second Order Derivative

Let y =f(x). Then
dy o,
dx =f(x) . (1)

If f/(x) isdifferentiable, we may differentiate (1) again w.r.t. x. Then, theleft hand

d
side becomes ax (;—dij which is called the second order derivative of y w.r.t. x and

d?y

is denoted by e The second order derivative of f(x) isdenoted by f”(x). It isalso
X
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denoted by Dy or y” ory, if y = f(x). We remark that higher order derivatives may be
defined similarly.
2

Example 38 Find % if y=x3+tanx
X

Solution Given that y = x3 + tan X. Then

% = 3x? + sec? X
d? d
Therefore —2’ = — (3% +sec? %)
dx dx

=6X+ 2 SeC X . Sec X tan X = 6x + 2 sec? X tan X

d%y

Example 39 If y = A sin X + B cos X, then prove that FJF y=0.
X

Solution We have

%zAcosx—Bsinx
&y _d -
and o2~ dx (A cosx—B sinx)
=—Asnx—-Bcosx=-y
d’y
Hence & +y=0

2

Example 40 If y = 3e* + 2e*, prove that %—5%+6y=0.
X X

Solution Given that y = 3e> + 2e*. Then

% = 6e” + 66> = 6 (e + &%)
d?y
Therefore e = 12e* + 18e> = 6 (2> + 3e¥)
d’y - dy
Hence ?—5& + 6y = 6 (2> + 3e¥)

—30(e*+e*)+63Be*+2e*)=0
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2
d y—xﬂzo

Example 41 If y = sin™ X, show that (1 - X°) —5
dx dx

Solution We have y = sinix. Then
dy 1

& Jad)
or «/(1—X2)(;—d§=1

dx
d’y dy d
Ja ) —= 2 —Ja ) o
or ( )dx2 = tix @ x7)
d’y dy  2x
1 X)) —= L —"——-— 0
or ( ) dx*  dx 21 x2
d’y _dy
1-x*) —2-x—==0
Hence ( )dx2 v
Alternatively, Given that y = sin! x, we have
=i, (1-%)y? =1
So (1-x%).2y1Y, + ¥; (0-2) =0
Hence (1-x)y,—xy,=0
| EXERCISE5.7|
Find the second order derivatives of the functions given in Exercises 1 to 10.
1. +3x+2 2. x? 3. X.COoSX
4. logx 5. x®log x 6. e'sinbx
7. €%cos 3x 8. tantx 9. log (logXx)
10. sin(logx) d2y

11. Ify=5cosx—3sinx, prove that FJF y=0
X
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2
12. If y=cos?x, Find %intermsofyalone.
X
13. Ify=3cos(log x) + 4 sin (log x), show that X*y, + xy, +y =0
d2
14. If y = Ae™ + Be™, show that KZ—(WH n);—diJr mny =0

d?y
15. If y =500e™ + 600e ", show that s =49y

16. If &(x+ 1) =1, show that d_zy_(g)?
' o dx® \dx

17. If y = (tan*x)?, show that (¢ + 1)2y, + 2x (¢ + 1) y, = 2

5.8 Mean Value Theorem

In this section, we will state two fundamental results in Calculus without proof. We
shall also learn the geometric interpretation of these theorems.

Theorem 6 (Rolle’'s Theorem) Let f: [a, b] — R be continuous on [a, b] and
differentiable on (a, b), such that f(a) = f(b), where a and b are some real numbers.
Then there exists some c in (a, b) such that f’(c) = 0.

InFig5.12and 5.13, graphs of afew typical differentiable functions satisfying the
hypothesis of Rolle'stheorem are given.

N

Fig5.12 Fig5.13

Observe what happens to the slope of the tangent to the curve at various points
between a and b. In each of the graphs, the slope becomes zero at least at one point.
That is precisely the claim of the Rolle's theorem as the slope of the tangent at any
point on the graph of y = f (X) is nothing but the derivative of f (x) at that point.
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Theorem 7 (Mean Value Theorem) Let f : [a, b] — R be a continuous function on
[a, b] and differentiable on (a, b). Then there exists some ¢ in (a, b) such that

_fl)-f(a
b-a
Observethat the Mean Value Theorem (MV T) isan extension of Rolle’stheorem.

L et us now understand ageometric interpretation of theMV T. The graph of afunction
y =f(X) isgivenin the Fig 5.14. We have already interpreted f’(c) as the slope of the
f(b)-f(a)
b-a
isthe slope of the secant drawn between (a, f(a)) and (b, f(b)). The MVT states that
thereisapoint cin (a, b) such that the slope of the tangent at (c, f(c)) is same as the

slope of the secant between (a, f(a)) and (b, f(b)). In other words, thereisapoint cin
(a, b) such that the tangent at (c, f(c)) is parallel to the secant between (a, f(a)) and

(b, £(0)).

f'(c)

tangent to the curvey =f(x) at (c, f(c)). Fromthe Fig 5.14 it isclear that

)/
(b, f (b))
'\
S ©f(©)
@ﬁ
X'< 0\1, a c b >X
Y’

Fig5.14
Example 42 Verify Rolle's theorem for the functiony =x2+ 2, a=—-2and b= 2.

Solution Thefunctiony =x?+ 2 iscontinuousin[—2, 2] and differentiablein (-2, 2).
Also f(— 2) = f( 2) = 6 and hence the value of f(x) at — 2 and 2 coincide. Rolle's
theorem states that thereisapoint c € (— 2, 2), where f’(c) = 0. Since f’(xX) = 2x, we
getc=0. Thusat c=0, wehavef(c)=0andc=0¢e (-2, 2).

Example 43 Verify Mean Value Theorem for the function f(x) = x2in theinterval [2, 4].

Solution Thefunction f (X) = x? iscontinuousin[2, 4] and differentiablein (2, 4) asits
derivative f(x) = 2xisdefined in (2, 4).
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Now, f(2)=4andf(4) = 16. Hence
f(b)-f(a) 16-4
b-a 4-2

MVT statesthat thereisapoint c € (2, 4) such that f’(c) = 6. But f (x) = 2x which
impliesc=3. Thusat c =3 € (2, 4), we havef’(c) = 6.

6

| EXERCISE 5.8]

1. Verify Rolle's theorem for the function f(x) = x2 + 2x -8, x € [- 4, 2].

2. Examineif Rolle’'stheorem is applicableto any of the following functions. Can
you say some thing about the converse of Rolle's theorem from these example?

(i) f(X) =[x] forxe [5, 9] (i) f(x)=[x] forxe [-2, 2]
(i) f(x) =x*—1forxe [1, 2]

3. If f:[-5 5 — R isadifferentiable function and if f'(x) does not vanish
anywhere, then prove that f(— 5) # f(5).

4. Verify Mean Value Theorem, if f(X) = X2 — 4x — 3 in the interval [a, b], where
a=landb=4

5. Verify Mean Value Theorem, if f(X) = x® —5x? — 3xin theinterval [a, b], where
a=landb=3. Findal ce (1, 3) for which f’(c) = 0.

6. Examinetheapplicability of Mean Value Theoremfor all threefunctionsgivenin
the above exercise 2.

Miscellaneous Examples

Example 44 Differentiate w.r.t. X, the following function:

() \/3x+2+% (i) e=*+3cos?x (iii) log, (Iogx)
2x°+4
Solution
1 1 1
() Lety= V3X+2+m: (3x+2)2 +(2x* + 4) 2

Note that thisfunction is defined at all real numbers x > —% . Therefore

dy 1 1 d (1) 2 a5t d o,
— = Z(B3x+2)2 - —(Bx+)+|-=(2 4H 2 .—(2 4
™ 2(x+) dX(x+)+ 2(x+) dX(x+)
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3

1 : 1 ., .3
==(Bx 202 3 = (2x° 4) 2 4x
2 2
B 3 3 2X
T2 2 3
42 (e )

2
Thisisdefined for al real numbers X>—§.

(i) Let y=e=*+3costx
Thisis defined at every real number in [-1,1] . Therefore

dy _ e i(seczx) 3 !
dx dx 1 X2

- Zsecxi(%x) 3 2
dX 1 X2

:2%cx(secxtanx)eseczx+3(— ! j
1- %2

:23ec2xtanxese°zx+3(— 1 J

V1-x2

Observe that the derivative of the given functionisvalid only in [-1,1] - {o} as

the derivative of cos® x exists only in (— 1, 1) and the function itself is not
defined at 0.

log (log x)
(i) Lety=log, (logx) = W (by change of base formula).

The function isdefined for all real numbers x > 1. Therefore

dy 1 d |
—~ = ———(log (lo
dx log7 dx( 9 (10g)
1 1 d
=—— —(l
~ log7 logx dx(OgX)
1

xlog7logx
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Example 45 Differentiate the following w.r.t. X.

(i) cos™(sinx) (i) tanl( Sinx j (iii) sin‘l( ZXHJ

1+ cosx 1+ 4%

Solution

() Letf (xX)=cos*(sinx). Observethat thisfunctionisdefined for all real numbers.
We may rewrite this function as

f(x) =cos™ (sin x)
=cos! cos — x
=— X

2

Thus f'(x) =— 1

(i) Letf(x)ztanl( Shx j.Observethat this function is defined for all real
1+ cosx

numbers, where cos x = — 1; i.e, a al odd multiplies of ©. We may rewrite this

function as
_1( sinx )
an
1+ cosx

Jzn)el)

2c082 X
2

— tant tan(fﬂ X
2 2

()

tan

is not equal to zero. Thusf’(x) =

2X+l

Fx) = §n-1
(i) Letf(x)=sin [1+4X

J . Tofind the domain of thisfunctionweneed to find all

X+1

—<1. Since the quantity in the middle is aways positive,

x such that —1<
1+4
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x 1
1,i.e,al xsuchthat 22**1< 1+ 4 We

we need to find al x such that 12

: : 1 . .
may rewrite thisas 2 < > + 2 which is true for all x. Hence the function

is defined at every real number. By putting 2* = tan 6, this function may be

rewritten as
X+1
1+ 4"

L 22
1

sin‘l[ 2tano }
1+tan’0

=gn![sin 20]
=20 =2tan"! (2)

1 d
_2X
TR

f(x)

sin

2

Thus f/(X)

2")log2
T (2)log
2**1log2

1+ 4%
Example 46 Find f’(x) if f(x) = (sinx)s"*for al 0 < x < .

Solution The function y = (sin x)s"* is defined for all positive real numbers. Taking
logarithms, we have

logy=log (sinx)s"™ =sinxlog (sin X)

1y _d

Then yax PV (sinxlog (sin x))

: . 1 d, .
=cosxlog (snx) +sinx. —— —(snx)
sinx dx

=cosx log (sin x) + cos x
= (1 +log (sinx)) cos x
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Thus ;—di =y((1 +log (sin x)) cosx) = (1 + log (sin X)) ( sin xX)S"* cos X

Example 47 For a positive constant a find % , Where

t+:—L 1 a
y=a ', and x:[t+¥)
Solution Observe that both y and x are defined for al real t # 0. Clearly

dy d ( t+}) = at+3i(t+%)'|093

a t

o dt dt
1
= at t(1—'[i2jloga
dx 1P 1
Smilarly i a[HJ %(HE)

47 04

dx
— z0onlyift#+ 1 Thusfort= = 1,

dt
1
dy tv, 1
bl atl = loga
dy _dt 2
dx dx 1231t 1
t+1'
a 'loga

a-1
aft+]
t

Example 48 Differentiate sin? x w.r.t. e~sx,
d du _ du/dx
dv dv/dx

Solution Let u (x) = sin? x and v (X) = e, We want to fin . Clearly

dU 1 dV i 1 COS X
dx—Zsmxcosxand dx_e (-sinx) =—(sinx) e
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du 2sinXcosx  2CosX

Thus — = —
dv  —sinxe® ™

Miscellaneous Exercise on Chapter 5

Differentiate w.r.t. X the function in Exercises 1 to 11.

1. (3¢ —-9x +5)° 2. sn*Xx+ cos® X
3. (5x)3cos 4, smi(x x),0<x<1
cos X
5. ,—2<X<2
N2x+7
J1+sinx++/1-sinx T
6. COI_{ ; _ ,0<x<—
J1+sinx—+1-sinx 0<x<3
7. (log x)'oe*, x > 1
8. cos(acosx + b sin x), for some constant a and b.
9. (sin x—cos x) nx-cosx) E<x<ﬁ

4 4
10. xX+x@+a+ a? forsomefixeda>0and x>0

11. xX2‘3+(x—3)X2  forx>3

12. Find ¥ ify=12 (1-cost), x= 10 (t—sint), ~E<t<X
dx 2 2

13. Find ﬂ,ifyzsin*1x+sin*l J1—-x2,—-1<x<1

dx
14, If x{1+y+y+1+x=0,for,—1<x<1, provethat
dy 1
dx  (1+x)°

15, If (x—a)?+ (y—h)? = c?, for some c > 0, prove that

e
(@)
dx
d’y
dx?
is a constant independent of a and b.
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16.

17.

18.

19.

20.

21.

22.

23.

MATHEMATICS

dy _ cos?(a+Y) .

If cosy =xcos(a+Yy), withcosa # + 1, prove that _
dx sina

d?y

If x=a(cost+tsint)andy=a(sint—t cost), find v
X

If f(X) = | X[}, show that f ”(X) exists for all real x and find it.
Using mathematical induction prove that di(x”)znx“ for all positive
X

integers n.
Usingthefact that sin (A + B) =sinA cosB + cosA sin B and the differentiation,
obtain the sum formulafor cosines.

Doesthereexist afunction which iscontinuous everywhere but not differentiable
at exactly two points? Justify your answer.

f(x) 9(x) h(x f'(x) g'(x) h(x)

If y=| | m n | provetha —=| | m n
ax

a b ¢ a b c

2
If y= gaoos'x, —1<x<1, showtha 1 x2 d_g/ xﬂ a’y 0-
dx dx

Summary

A real valued functioniscontinuousat apoint initsdomain if thelimit of the
function at that point equal sthe value of the function at that point. A function
iscontinuousif it iscontinuous on the whole of itsdomain.

Sum, difference, product and quotient of continuous functions are continuous.
i.e., if f and g are continuous functions, then

(f£0) (x) =f(X) £ g(x) is continuous.
(f.g) (¥X) =f(X) .g(xX) is continuous.

g g(x) (Wherever g(x) # 0) is continuous.

¢ Every differentiable function is continuous, but the converseis not true.
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¢ Chainruleisruleto differentiate composites of functions. If f=vou,t=u(x)

and if both E and ﬂ exist then
dx dt

df dv dt
dx dt dx
@ Following are some of the standard derivatives (in appropriate domains):

9 (gntx)=—L 9 (cos™x) =—
dx 1- X2 X 1- x2
d 1 1 d 1 -1
—\tan " Xx)= —lcot™x) =
dx( ) 1+ x* dx( ) 1+ x°
d ( 1 1 d 1 —1
Fleaetn)=—2—  L(oosectn)- —2
dx XV1-x2 dx X/1-x
d d 1
—(e")=¢" —(logx)==
dx( dx( 9)

¢ Logarithmic differentiation isapowerful techniqueto differentiate functions
of the form f(x) = [u (X)]¥®. Here both f (x) and u(x) need to be positive for
this technique to make sense.

¢ RollesTheorem: If f: [a, b] — R iscontinuous on [a, b] and differentiable
on (a, b) such that f(a) = f(b), then there exists some c in (a, b) such that
f'(c) =0

¢ Mean Value Theorem: If f: [a, b] — R is continuous on [a, b] and
differentiable on (a, b). Then there exists some c in (a, b) such that

f(b)- f(a)

f'lc)=——"—— b a

4

> ——



